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The Leggett-Garg inequalities are a set of inequalities obeyed by classical systems but violated in
quantum theory. Their violation has been taken as evidence that quantum theory lacks a ‘realistic’
formulation. However in addition to realism the derivation of the Leggett-Garg inequalities relies on
another, more obscure assumption of ‘non-invasive measurability.’ The significance of this assump-
tion and the consequences for the interpretation of violations of the Leggett-Garg inequalities have
been hotly debated. In this paper we present a pedagogical introduction to the issues, focussing
on the significance of non-invasive measurability. We give a simple derivation of the Leggett-Garg
inequalities paying particular attention to where and when the two assumptions are used, and we
give an example of a realist but not non-invasively measurable hidden variable theory which violates
them. We also discuss recent attempts to experimentally implement non-invasive measurements via
so called ‘undetectable measurements’ and we show that even undetectable measurements are not
necessarily non-invasive.
PACS numbers:
I. INTRODUCTION
There has been renewed interest recently in the peren-
nial question of whether quantum theory can be viewed
as realist. That is, can the predictions of quantum me-
chanics for the outcomes of measurement, which have
a necessarily statistical character, be considered as aris-
ing from the definite, not necessarily deterministic, be-
haviour of a real particle etc. about which quantum the-
ory does not give us precise information? This question
has a long and interesting history, going back to the ori-
gins of quantum theory itself [1, 2].
Recent attention has focussed on the question of
whether a single system evolving in time can be given
a realist interpretation, in contrast to the usual set up of
EPR or the Bell inequalities [1, 3]. In a classic paper [4]
Leggett and Garg showed that the predictions of quan-
tum theory for the outcomes of measurement performed
on a simple, effectively two level system, were incompat-
able with two properties which they deemed essential for
a realist interpretation. These properties are,
• Realism per se: A system with two or more states
will at all times be in one of these states.
• Noninvasive Measurability: It is possible, at least in
principle, to measure the state of a system without
affecting its future evolution.
Using these two assumptions Leggett and Garg derived
an inequality, similar in form the the CHSH inequalities,
and showed that it is violated by a series of measurements
performed on a simple two level quantum system [16].
Ever since the publication of [4] there has been lively
debate in the literature about the significance of the re-
sult [5, 6]. Leaving aside concerns about the particular
physical set up envisaged in [4] the main point of dis-
sagreement has been over the significance of the condi-
tion of ‘noninvasive measurablity.’ Some authors have
claimed that the predicted violation of the inequality
derived in [4] is entirely due to the failure of this con-
dition to hold in quantum theory. On the other hand
Leggett and Garg have argued essentially that (Macro-
scopic) Noninvasive Measurability is in fact a corollary
of the assumption of (Macroscopic) Realism. The res-
olution of this issue has become more pressing in re-
cent years, as experimental results are now being re-
ported which show direct violation of the Leggett-Garg
inequalites [7]. In particular in a recent paper [8] vio-
lation of a Leggett-Garg inequality was reported using
so-called ‘undetectable measurements.’ The claim was
that the nature of these measurements meant that the
condition of noninvasive measurability was satisfied ex-
actly, so that violation of the Leggett-Garg inequality in
this case was a direct refutation of realism.
Our aim in this paper is firstly to provide a pedagogical
introduction to the Leggett-Garg inequalities by means
of a simple derivation of them, paying particular atten-
tion to where and when the assumption of ‘non-invasive
measurability’ is used. We will then introduce a simple
hidden variable model for a two state system which is
explicitly realist but not non-invasively measurable, and
we will show that this model can reproduce the results
of quantum theory including the predicted violations of
the Leggett-Garg inequalities. This model makes it clear
that in general non-invasive measurability is not a corol-
lary of realism and provides evidence to support the view
that all experimental tests of the Leggett-Garg inequali-
ties test is the former. Finally we will argue against the
view that non-invasive measurability is a property of a
particular meaurement set up that can be experimentally
determined. This is essentially because the invasiveness
or otherwise of a particular measurement is not some-
thing that follows from quantum theory, rather it requires
reference to a particular theory of hidden variables.
We hope that this paper will be useful to researchers
and students in quantum theory unfamiliar with the
2Leggett-Garg inequalities and also to researchers outside
the field of physics interested in applying the tools of
quantum theory (see for example [13, 14].)
II. THE LEGGETT-GARG INEQUALITIES
In their seminal paper [4], Leggett and Garg did not
provide a derivation of their inequality. It is clear
from their remarks that they believed the derivation was
straightforward and that it followed along roughly the
same lines as Bell’s original derivation of his famous in-
equality [3]. However the lack of an explicit derivation
in the original work has tended to increase the confusion
in the literature about the exact role of the two assump-
tions. This has been addressed to some extent by recent
work attempting to provide a clearer derivation of the
inequalities. The contributions of Maroney [9] have been
particularly useful in this area. Nevertheless we feel it is
useful, particularly to those unfamiliar with the existing
literature, to give as simple and self-contained an account
of the derivation as possible.
Let us begin with the assumption of realism per se.
This implies that the expectation value of any Heisenberg
picture operator in quantum theory can be written as an
average over a set of so-called ‘hidden variables’ {λ}. For
the present discussion it is helpful to think of the hidden
variables as essentially the set of possible ‘trajectories’
of the system. Then the observables in quantum theory
may be thought of as functions (which also depend on
time) from the hidden variables to the set of real num-
bers A(λ, t). The role of the initial state is to provide
a probability distribution on the set of hidden variables
which we denote ρ(λ) and which is often referred to as
the ontic state. Then the expectation value of Aˆ(t) may
be written as,
〈
Aˆ(t)
〉
=
∫
dλA(λ, t)ρ(λ). (2.1)
(In what follows we will explicitly write hats on opera-
tors in order to distinguish them from the corresponding
functions on the hidden variables.)
So far this is simple because we are only considering a
single time. The story becomes more complicated if we
consider the expectation value of two or more measure-
ments performed at different times. This is because in
general a measurement performed at a time t will dis-
turb the future evolution of the system. The easiest way
to keep track of this is to let the probability distribu-
tion on the set of hidden variables also depend on the
set of measurements performed on the system, so that,
ρ(λ|A, t1, B, t2...) is the probability distribution on the
set of hidden variables λ given the initial state and also
that measurement A was carried out at time t1, mea-
surement B at time t2 etc. Then the correlation function
between the outcome of a measurement of A at t1 and
a measurement of B at t2 can be written in this hidden
variables model as,
〈
Bˆ(t2)Aˆ(t1)
〉
=
∫
dλB(λ, t2)A(λ, t1)ρ(λ|A, t1) (2.2)
Note that we can drop the dependence of ρ on the fact
that a measurement was performed at t2, since there are
no further measurement performed after this time so the
change in the distribution of λ’s caused by this measure-
ment has no consequence. In general we can always ig-
nore the effect of the final measurement on the hidden
variables.
Now we can state mathematically the assumption of
non-invasive measurability. It is essentially that,
ρ(λ|A, t1, B, t2...) = ρ(λ) (2.3)
which is obviously interpreted as the assumption that the
measurements performed do not change the distribution
of λ [17]. Note that there is a close relationship between
non-invasive measurability and commutativity. Let t−
and t+ denote two times infinitesimally earlier and later
than t respectively. Then the difference between mea-
suring Aˆ at t− followed by Bˆ at t+ compared with the
opposite ordering can be written as,
〈
Bˆ(t+)Aˆ(t−)− Aˆ(t+)Bˆ(t−)
〉
=
∫
dλB(λ, t+)A(λ, t−)ρ(λ|A, t−)
−
∫
dλA(λ, t+)B(λ, t−)ρ(λ|B, t−) (2.4)
With some modest assumptions about continuity this can
be simplified to,
〈
Bˆ(t)Aˆ(t)− Aˆ(t)Bˆ(t)
〉
=
∫
dλB(λ, t)A(λ, t)(ρ(λ|A, t) − ρ(λ|B, t)) (2.5)
Aˆ and Bˆ therefore commute in this framework if the
measurements are non-invasive, or more generally if the
measurements cause the same disturbance to the hidden
variables.
We are now in a position to present a simple deriva-
tion of one of the Leggett-Garg inequalities. We follow
closely the derivation of the Bell inequalities presented
in [3]. We we consider a dichotomous observable Qˆ(t)
with eigenvalues ±1, which is positive if the system is in
state 1 and negative if it is in state 2 (the physical signif-
icance of the states is not important to this derivation.)
Q(λ, t) takes values {−1, 1} for each λ and t. Consider
the following quantity,
〈
Qˆ(t2)Qˆ(t1)
〉
−
〈
Qˆ(t4)Qˆ(t1)
〉
=
∫
dλ [Q(λ, t2)Q(λ, t1)−Q(λ, t4)Q(λ, t1)] ρ(λ|Q, t1)
(2.6)
3where we have used the assumption of realism to write
expectation values in terms of hidden variables. We can
rewrite this as,
〈
Qˆ(t2)Qˆ(t1)
〉
−
〈
Qˆ(t4)Qˆ(t1)
〉
=
∫
dλQ(λ, t2)Q(λ, t1) [1±Q(λ, t4)Q(λ, t3)] ρ(λ|Q, t1)
−
∫
dλQ(λ, t4)Q(λ, t1) [1±Q(λ, t3)Q(λ, t2)] ρ(λ|Q, t1)
(2.7)
This is just an algebraic step. Now take the modulus of
both sides and use the triangle inequality to get,
∣∣∣〈Qˆ(t2)Qˆ(t1)
〉
−
〈
Qˆ(t4)Qˆ(t1)
〉∣∣∣
=
∫
dλ [1±Q(λ, t4)Q(λ, t3)] ρ(λ|Q, t1)
+
∫
dλ [1±Q(λ, t3)Q(λ, t2)] ρ(λ|Q, t1)∣∣∣〈Qˆ(t2)Qˆ(t1)
〉
−
〈
Qˆ(t4)Qˆ(t1)
〉∣∣∣
≤ 2±
[∫
dλQ(λ, t4)Q(λ, t3)ρ(λ|Q, t1)
+
∫
dλQ(λ, t3)Q(λ, t2)ρ(λ|Q, t1)
]
(2.8)
Again this is simply algebraic. However we would now
like to identify the averages on the right hand side of
Eq.(2.8) with some observable quantities. This proves to
be impossible because they don’t have the correct struc-
ture to be two-time correlation functions. What is wrong
is that the probability distributions over the hidden vari-
ables are functions of a measurement carried out at t1,
which they should not be, and are not functions of mea-
surements at t2 or t3, which they should be. In order to
remedy this we need to assume that the measurements
at t1, t2 and t3 are non-invasive, in the sense of Eq.(2.3).
This then lets us write,
∣∣∣〈Qˆ(t2)Qˆ(t1)
〉
−
〈
Qˆ(t4)Qˆ(t1)
〉∣∣∣
≤ 2±
[〈
Qˆ(t3)Qˆ(t2)
〉
+
〈
Qˆ(t4)Qˆ(t3)
〉]
, (2.9)
which is a Leggett-Garg inequality.
The derivation above shows that, mathematically at
least, the assumption of non-invasive measurability is
necessary in order to derive the Leggett-Garg inequali-
ties.
III. A REALISTIC HIDDEN VARIABLES
THEORY WHICH VIOLATES THE
LEGGETT-GARG INEQUALITY
In this section we wish to demonstrate that is is pos-
sible to construct a hidden variables theory which realist
but does not satisfy the condition of non-invasive mea-
surability and thus can violate the Leggett-Garg inequal-
ities. Let us begin however by pointing out that such a
theory already exists, in the form of de Broglie-Bohm
theory [10]. Thus we could simply quote this theory and
end our argument. However there are at least two good
reasons for not doing this. The first is that de Broglie-
Bohm theory, whilst empirically adequate, is rather cum-
bersome when it comes to handling finite dimensional
quantum systems such as the two level oscillator usually
used to demonstrate violation of the Leggett-Garg in-
equalities. The second reason is that in de Broglie-Bohm
theory the invasiveness of the measurements comes about
because the full description of the system also includes
the state of the measuring device. However this masks
the fact that it is possible to model the effects of the mea-
surements as changes to the internal state of the system,
rather than as being associated with a specific measuring
device.
A. Standard Quantum Description
Let us first recall the standard quantum description of
this process. We have a quantum state,
|ψ〉 =
[
ψ1
ψ2
]
(3.1)
evolving under a Hamiltionan,
Hˆ =
ω
2
[
0 1
1 0
]
(3.2)
and thus
U(t) = e−iHˆt = cos(ωt/2)
[
1 0
0 1
]
− i sin(ωt/2)
[
0 1
1 0
]
(3.3)
Measurements on the system are modeled by projection
operators,
Pˆ1 =
[
1 0
0 0
]
and Pˆ2 =
[
0 0
0 1
]
(3.4)
Thus, for an initial state |ψ0〉 =
[
1
0
]
the probabilites that
a measurement at a time t finds the system in state 1 or
2 are given by,
p(1, t) =
1
2
(1 + cos(ωt)) (3.5)
p(2, t) =
1
2
(1− cos(ωt)) (3.6)
and thus
〈
Qˆ(t)
〉
= cos(ωt). (3.7)
4Furthermore, the probabilities for the outcomes of mea-
surements at times t1 and t2 are;
p(1, t1, 1, t2) = ||Pˆ1e−iHˆ(t2−t1)Pˆ1e−iHˆt1 |ψ0〉 ||2
=
1
4
(1 + cos(ω(t2 − t1)))(1 + cos(ωt1)),
p(1, t1, 2, t2) =
1
4
(1− cos(ω(t2 − t1)))(1 + cos(ωt1)),
p(2, t1, 1, t2) =
1
4
(1− cos(ω(t2 − t1)))(1 − cos(ωt1)),
p(2, t1, 2, t2) =
1
4
(1 + cos(ω(t2 − t1)))(1 − cos(ωt1)).
(3.8)
Notice that the probabilities for two time measurements
have the form of products of single time probabilities.
This is a consequence of the collapse postulate in stan-
dard quantum theory, which effectively ‘resets’ the state
after either of the measurements Pˆ1/2.
We therefore find,
L =
〈
Qˆ(t1)Qˆ(t2)
〉
+
〈
Qˆ(t2)Qˆ(t3)
〉
+
〈
Qˆ(t3)Qˆ(t4)
〉
(3.9)
−
〈
Qˆ(t1)Qˆ(t4)
〉
= cos[ω(t2 − t1)] + cos[ω(t3 − t2)]
+ cos[ω(t4 − t3)]− cos[ω(t4 − t1)] (3.10)
Taking t1 = t, t2 = 2t etc we find,
L[t] = 3 cos[ωt]− cos[3ωt] (3.11)
which for t = pi/4ω is equal to 2
√
2, and thus we see this
Leggett-Garg inequality is violated for this system.
B. Realist Model
The realist model we will present is the simplest we
can think of that gives agreement with quantum theory.
This model was inspired by de Broglie-Bohm theory, and
we can think of this as a combined system plus measuring
device. Alternatively we can think of this as representing
a classical system with a single classical bit of memory.
In fact as we shall present it this model works only for
a quantum system measured once, subsequent measure-
ments tend to disturb the system in such a way as to
give rise to behavior not equivalent to quantum theory.
If we want we can rectify this by extending the model to
allow for more bits of memory, but this simpler version
is sufficient to demonstrate the basic ideas.
The model has as its state space four different regions
labeled by a, b, c, d. The hidden variables are the possible
trajectories of the system as it moves between the differ-
ent regions. Free evolution causes oscillations between
regions a and b and regions c and d. Our measurement
will cause a transition between regions a and c.
We denote by ψa the probability of the system being
in state a etc and ψa+ψb+ ... = 1. What in the quantum
ψa ψb
ψc ψd
Evolution
(a)Free evolution causes transitions between states ψa/b
and ψc/d.
ψa ψb
ψc ψd
Measurement
(b)As well as reading out the proportion of the state in
ψa + ψc and ψb + ψd measurement of the system also
swaps trajectories in ψa/c.
FIG. 1: Pictorial representation of our hidden variable model.
The dynamics comes in two parts, firstly a free evolution and
secondly a disturbance due to measurement.
system was state 1 maps here onto ψa and ψc and likewise
for state 2.
Between measurements the rate at which trajectories
cross from ψa to ψb is determined by,
d2
dt2
(ψa − ψb) = −ω2(ψa − ψb) (3.12)
d
dt
(ψa + ψb) = 0 (3.13)
and similarly for c and d, together with the condition that
the trajectories representing the hidden variables do not
cross or coalesce. (This is the analogue of the fact that
the guidance equation in de Brogle-Bohm theory is first
order in t.) One can think of the trajectories as like those
of beads on an abacus, which may slide back and forwards
between sides but which retain their original ordering.
Measurements have two different parts. Firstly a
measurement of the variable Q(λ, t) returns the value
5(ψa + ψc) − (ψb + ψd), and secondly this measurement
causes the trajectories in ψa to swap with those in ψc.
Notice that, as advertised, this model will run into prob-
lems after a second measurement. If we desire we can
extend this model by incorporating extra bits of memory
to take account of subsequent measurements.
Choosing the same initial state as for the quantum
system described above means setting ψa + ψc = 1. In
addition we will choose ψa = 1 but otherwise the choice of
which trajectory is realised is assumed to be random with
uniform probability. It is easy to see that the probability
of finding the system in the state ψa at a subsequent time
t is given by,
ψa(t) =
1
2
(1 + cos(ωt)) (3.14)
Noting that the probability of finding the quantum sys-
tem in state 1 is given by the probability of finding it in
states ψa or ψc in the hidden variable model we see that,
p(1, t) = p(a+ c, t) = ψa(t) + ψc(t) =
1
2
(1 + cos(ωt))
(3.15)
and thus this model matches the single time predictions
for quantum theory. Note that the effect of the measure-
ment on the hidden variables here can be neglected.
Furthermore, the no-crossing property of the trajecto-
ries means that the two time probabilities, in the absence
of measurement, can be easily shown to be,
p(a, t1, a, t2) = min[p(a, t1), p(a, t2)],
p(1, t1, 2, t2) = max[p(a, t1)− p(a, t2), 0],
p(2, t1, 1, t2) = max[p(b, t1)− p(b, t2), 0],
p(2, t1, 2, t2) = min[p(b, t1), p(b, t2)]. (3.16)
It can be shown algebraically that these set of two time
probabilities give rise to correlation functions which do
not violate the Leggett-Garg inequalities, but it is simpler
to demonstrate this by taking t1 = t, t2 = 2t etc as for the
quantum case and plotting the results for various values
of t.
Now we turn to the question of what happens when we
include the effects of measurement. When we measure Q
at t1 we send the trajectories in a to c. Therefore, the
values of Q at time t2 given that the state was in either
ψa or ψb at time t1 are given by.
Q(t2|ψa, t1) = cos(ω(t2 − t1)),
Q(t2|ψb, t1) = − cos(ω(t2 − t1)),
Thus our hidden variable model predicts that the mea-
sured value of the correlation functions should be,
〈
Qˆ(t2)Qˆ(t1)
〉
=
1
2
(1− cos(ωt1)) cos(ω(t2 − t1))
+
1
2
(1 + cos(ωt1)) cos(ω(t2 − t1))
= cos(ω(t2 − t1)) (3.17)
Π
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FIG. 2: The value of the quantity L in the Leggett-Garg in-
equality as given by quantum theory Eq.(3.11), dashed line,
and computed from our hidden variable theory via Eq.(3.16),
solid line. The quantum prediction clearly violates the in-
equality 2 ≤ L ≤ 2.
and we reproduce the predictions of the quantum model.
We see therefore that this realistic model does not vio-
late the Leggett-Garg inequalities in the absence of mea-
surement but it does so when we include the effects of
measurement. However in the absence of measurement
nothing is measured! Thus the fact that this system
obeys these inequalities is hidden from us because of the
disturbing nature of our measurement of Qˆ.
IV. UNDETECTABLE VS NON-INVASIVE
MEASUREMENTS
Let us turn finally to the question of whether one can
demonstrate that some particular experimental set up is
performing a non-invasive measurement. Recall that the
mathematical expression of this is the condition,
ρ(λ|A, t0) = ρ(λ) (4.1)
where for simplicity we will assume we are dealing only
with a single measurement. Firstly let us note that this
expression only makes sense in the context of an appro-
priate hidden variables theory specifying the set {λ} com-
plete with dynamics and a method for assigning a prob-
ability distribution on the λ given an initial quantum
state. It is not a condition that can be directly formu-
lated within quantum theory.
Suppose instead we are given two sets of a large num-
ber of copies of two states of a quantum system and told
that one set has previously been subject to a measure-
ment of some observable Aˆ at time t0. Can we deter-
mine, at least with high probability, which set of states
has been measured? If we cannot then we might be jus-
tified in calling such a measurement ‘undetectable.’ The
key question is, is such a measurement necessarily ‘non-
invasive’? Let us denote the unmeasured and measured
states in the quantum and hidden variable theories as
6ψ ≡ ρ(λ) and ψ′ ≡ ρ(λ|A, t0) respectively. Suppose it is
the case that for all subsequent measurements Bˆ(t) that
we can perform,
〈
Bˆ(t)
〉
ψ
=
∫
dλB(λ, t)ρ(λ)
=
〈
Bˆ(t)
〉
ψ′
=
∫
dλB(λ, t)ρ(λ|A, t0). (4.2)
In this case the measurement at t0 is an extreme example
of an undetectable measurement since there is no subse-
quent measurement that can distinguish the two states.
Technical issues notwithstanding, we can infer from this
that ψ = ψ′.
But is this measurement therefore non-invasive? ie
does the fact that ψ = ψ′ imply that ρ(λ) = ρ(λ|A, t0)?
The answer depends on the properties of the hidden vari-
able theory we are considering. Hidden variable theories
may be grouped into two classes, usually called psi-ontic
and psi-epistemic [11]. The distinction is essentially over
whether the quantum state of the system over or under
specifies the distribution of hidden variables. Theories
where the mapping between quantum states and distri-
butions of hidden variables is many-to-one are called psi-
epistemic and theories where the mapping is one-to-many
are called psi-ontic. Recent results such as the PBR the-
orem [12] tend to rule out hidden variable theories of the
psi-epistemic type, but for the moment we shall consider
both on an equal footing.
Let us suppose our hidden variable theory is of the psi-
epistemic type. Then there are three possible types of
measurement; measurements which change the quantum
state and the ontic state, measurements which change the
quantum state but not the ontic state, and measurements
which change neither the quantum state nor the ontic
state. However suppose our hidden variable theory is
of of the psi-ontic type. Again there are three possible
types of measurements; measurements which change the
quantum state and the ontic state, measurements which
change the ontic state but not the quantum state, and
measurements which change neither the quantum state
nor the ontic state.
For a psi-epistemic theory all measurements which do
not change the quantum state cannot change the ontic
state, and thus for psi-epistemic theories all undetectable
measurements are also non-invasive measurements. How-
ever for psi-ontic theories this is not the case. Psi-ontic
theories allow for the existence of non-invasive measure-
ments, but it is impossible to prove from any number of
subsequent measurements carried out on a quantum sys-
tem that a given prior measurement was non-invasive.
V. SUMMARY
In this paper we have given an introduction to the
Leggett-Garg inequalities hopefully suitable for students
and researchers new to the field. We began by giving a
derivation of the inequalities which emphasizes the role of
the assumption of non-invasive measurability. We then
gave an example of a hidden variable theory which is
realist but not non-invasively measurable and showed
that this could reproduce the predictions of quantum
theory, and in particular could account for violations of
the Leggett-Garg inequalities. We finally turned to the
question of whether non-invasive measurability could be
experimentally established for a given measurement set
up. We pointed out that in general it is impossible to
prove non-invasive measurability at the level of the hid-
den variables from any quantum measurements and that
in particular ‘undetectable measurements’ need not be
non-invasive.
We have shown that in general it is impossible to prove
non-invasive measurability from the results of any subse-
quent measurements performed on a system. Neverthe-
less it may be possible to make progress if we are willing
to restrict the class of possible hidden variable theories
in some way. For example limiting the allowed number
of bits of memory in a hidden variable theory, or equiv-
alently the dimension of its state space, may be enough
to rule out realist models reproducing certain features of
quantum theory. See [6] for related ideas. Alternatively
one may imagine restricting attention to hidden variable
theories where the disturbance due to measurement takes
a particular form. These ideas are unlikely to be of much
value in the context of pure quantum theory, but they
might prove useful in situations where quantum behav-
ior is only emergent from a deeper dynamics, and where
we can thus constrain in some way the underlying hid-
den variable thory. An important example of this is the
quantum modeling of cognitive processes in psychology
[14]. These ideas will be pursued elsewhere [15].
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